This article investigates bending, buckling, and vibration analysis in viscoelastic functionally graded curved nanobeam embedded in an elastic medium under different boundary conditions. The stresses can be calculated based on not only the nonlocal stress field but also the strain gradient stress field according to the nonlocal strain gradient elasticity theory. The present higher order refined curved nanobeam theory which captures shear deformation influence does not need any shear correction factors. Two power-law models are used to describe the continuous variation of material properties of viscoelastic functionally graded curved nanobeam. Governing equations of nonlocal strain gradient viscoelastic functionally graded curved nanobeam are obtained using Hamilton's principle. To establish the present model, the results are compared with those of functionally graded curved nanobeams. The effects of nonlocal parameter, length scale parameter, viscoelastic damping coefficient, spring stiffness, boundary conditions, and power-law exponent on the bending, buckling, and vibration responses of viscoelastic functionally graded curved nanobeam are discussed.
Introduction
The nanostructures have at least one nanometer in scope because they are small, as they are made of nanosized structural elements. As a result of special features of particles on the nanoscale, nanobeams, curved nanobeams, nanoshells, nanorods, and nanoplates or nanorings have many technological applications of nanotechnology and microscopic devices. Nanobeams are very strong tools with special capabilities, used as actuators, sensors, and nanoelectromechanical systems. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] In controversy to the local continuum theory, based on the nonlocal elasticity theory for small-scale structures, the stress depends on all area points for a reference point. Reddy 11 studied the nonlocal nonlinear formulations for bending of beams and plates using the classical and shear deformation theories. Nonlocal bending and vibration of plates using the third-order shear deformation have been discussed by Aghababaei and Reddy. 12 Pradhan and Murmu 13 have studied the nanoscale effect on the buckling of single-layered graphene sheets under biaxial compression via nonlocal continuum mechanics. Murmu and Pradhan 14 have also discussed the nanoscale effect on the free in-plane vibration of nanoplates by nonlocal continuum model. Additional analytical studies on various behaviors of nanoplates [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] and nanobeams 6, 28, 29 have been presented. Qian et al. 30 have discussed on the temperature independence of statistical model parameters for cleavage fracture in ferritic steels. Qian et al. 31 have investigated the comparison of constraint analyses with global and local approaches under uniaxial and biaxial loadings.
It is certainly worth mentioning that functionally graded materials (FGMs) have been widely used in both nano-and microstructures. The functionally graded (FG) curved beams are generally used as structural elements of light-weight and heavy load-bearing components, and they are used to satisfy the design obligations of stiffness in industrial designs. [32] [33] [34] [35] [36] [37] [38] Due to the extensive application of FG curved beams in several engineering areas, a deeper comprehension of the mechanical behavior of similar beams is required. The concept of FGM can be utilized for the management of microstructure of a material so that bending, buckling, and vibration behaviors of a nanobeam structure can be improved. 11, [39] [40] [41] So, FG curved beams are the requisite components of a structure when dealing with a set of important structures in the aeronautical, mechanical, and civil industries. As a result to gorgeous engineering properties, such as high stiffness or strength-to-weight ratios, the curved beam structures probably play a serious role in the applications of nanotechnology.
Analysis of plates and beams supported on an elastic medium in most cases is related to the design and analysis of various foundations such as individual footings, combined, and mat foundations. Although methods of analysis of plates and beams on elastic foundation have been developed for a long time, up-to-date, practical application of these methods is a difficult problem. Analytical methods such as method of initial parameters and method of superposition based on Winkler's soil model are complex and cannot be used by practicing engineers. Analysis based on the soil model with two coefficients of subgrade reactions produces results close to those obtained from the analysis based on Winkler's foundation and never used in practical applications. Extensive studies about elastic or viscoelastic foundations can be found in the literature. [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] In this article, bending, buckling, and vibration behaviors of viscoelastic FG curved nanobeam embedded in an elastic medium are investigated based on nonlocal strain gradient theory. For the viscoelastic FG curved nanobeam, the material properties are graded in radial direction using two power-law forms. The nonlocal equations of motion of strain gradient viscoelastic FG curved nanobeam are derived based on Hamilton's principle. The results are validated with those available in the literature. Effects of all parameters involving the nonlocal parameter, the structural damping of the FG curved nanobeam, coefficients of elastic foundation, and strain gradient length scale parameter on bending, buckling, and vibration behaviors of viscoelastic FG curved nanobeam are investigated separately.
Nonlocal strain gradient theory
Through theoretical and experimental observations, the nanostructures are in possession of both the stiffening and the softening behaviors. According to this theory by Aifantis, 52, 53 Lim et al. 54 offered the stress tensor s ij as follows
where s (0) ij and s (1) ij are the nonlocal and high-order nonlocal stress tensors, respectively, and given as
where C ijmn , h, e 0l , and e 1l are the elastic coefficients, strain gradient length scale parameter, and nonlocal parameters. The nonlocal functions b 0 jX À X 0 j, e 0 l ð Þ and b 1 jX À X 0 j, e 1 l ð Þaccompany the strain tensor e mn and the first-order strain gradient re mn , respectively. According to Eringen's 55, 56 nonlocal theory and considering e 0 = e 1 = e, the nonlocal stresses s (0) ij and s (1) ij appeared in equation (2) can be expressed as
where
2 and m = (el) 2 . Applying the operator (1 À mr 2 ) to equation (1) and then substituting equation (3), the general constitutive relation is given as
where z = h 2 . For the present viscoelastic FG curved nanobeam, equation (4) can be expressed as
where the elastic coefficientsC ij for the Kelvin-Voigt viscoelastic FG curved nanobeam can be written as
where E is Young's modulus, G = E 2(1 + n) is the shear modulus, n is Poisson's ratio, and k is the viscoelastic damping coefficient.
Basic formulation
Consider a viscoelastic FG curved nanobeam having thickness h and length L whose coordinates are illustrated in Figure 1 . A refined three-variable viscoelastic FG curved nanobeam theory is used in this study. Based on this theory, the tangential displacement u u and the radial displacement w r can be written as
and the displacements u, w b , and w s are the functions of (u, t). Also, u is the tangential midplane displacement, and w b and w s are the bending and shear components of radial displacement, respectively. Nonzero strain components associated with the displacement model (7) are obtained as follows
The material properties such as Young's modulus E(z) of the viscoelastic FG curved nanobeam may be assumed according to the following two gradation models
where b is the inhomogeneity parameter. Hamilton's principle is employed to derive the equations of motion that can be expressed as
where U is the strain energy, F is the work done by external forces, and V stands for the kinetic energy. They all are defined as
where B L is the applied buckling load and V f is the elastic foundation given by
where K w and K p are the linear Winkler and shear foundation stiffnesses, respectively. By incorporating equation (9) into equation (8), equations of motion are given as
where 
The moments and forces explicit in equation (11) are given as
Substituting equation (8) into equation (5) and using equations (6) and (17), we get
where the constants A ij and B ij are given as
Applying operator 1 À
to equation (14) and using equations (9) and (18), equations of motion in terms of displacements u, w b , and w s are given as
Solution procedure
Analytical solution for the present problem has been obtained by solving the nonlocal equations of motion of viscoelastic FG curved nanobeam with different boundary conditions:
The generalized displacements have been assumed as
in which q 0 is the intensity load, (U n , W bn , W sn ) are unknown Fourier coefficients, and H(u) is a function which is selected for different boundary conditions as Table 2 . Variation of nondimensional stress s uu of S-S viscoelastic FG curved nanobeam embedded in an elastic medium (L=h = 10, b = 1, k = 10). Table 4 . Nondimensional vibration of S-S FG curved nanobeam embedded in an elastic medium for various values of inhomogeneity parameter, opening angles, length scale, and nonlocal parameters (L=h = 10, k w = k s = 10). Table 5 . Nondimensional buckling load of S-S FG curved nanobeam for various opening angles, length scale, and nonlocal parameters (L=h = 10, b = 1). Table 6 . Nondimensional buckling load of S-S FG curved nanobeam embedded in an elastic medium (L=h = 10, b = 1). Substituting equation (21) into equation (20) using equation (22) , one can obtain
where the coefficients G ij and G i for the viscoelastic FG curved nanobeam embedded in an elastic medium are given in Appendix 2.
For the bending problem of the viscoelastic FG curved nanobeam, the deflection and stresses are given by setting B L to zero and v n = i10 À2 . Also, to obtain the buckling loads for viscoelastic FG curved nanobeam, we set the determinant jGj equal to zero and q 0 = 0, and for free vibration problem, we set B L to zero and q 0 = 0.
Discussions
Bending, buckling, and vibration behaviors of nonlocal strain gradient for viscoelastic FG curved nanobeam embedded in an elastic medium under various boundary conditions are studied. The viscoelastic FG curved nanobeam is composed of steel E 1 = 210 GPa, r 1 = 7800 kg=m 3 ; alumina E 2 = 390 GPa, r 2 = 3960 kg=m 3 ; and has a length L = 10 nm, n = 0:3, and n = 1. Figure 2 shows the variation of Young's modulus E through the thickness of the viscoelastic FG curved nanobeam embedded in an elastic medium for different values of the power-law exponent b according to the two gradation models: (a) model 1 and (b) model 2. For the present results, we used the dimensionless form as w = 
All parameter values are in dimensionless form, and all figures are concerned with the boundary condition S-S, except for Figures 8, 9 , and 11 which are plotted for all four boundary conditions. The bars are omitted for simplicity.
Tables 1-3 demonstrate the variation of deflection and stresses of S-S viscoelastic FG curved nanobeam embedded in an elastic medium for different length scale, opening angles, nonlocal, and Winkler-Pasternak parameters. Table 4 illustrates the vibration of S-S FG curved nanobeam embedded in an elastic medium for various opening angles, elastic medium coefficients, nonlocal, and length scale parameters. Table 5 shows the comparison with the study of Ebrahimi and Barati 34 for the buckling load of S-S FG curved nanobeam for various parameters, which illustrates the agreement of our results. Tables 6 and 7 nanobeam embedded in an elastic medium for various elastic medium coefficients, opening angles, length scale, and nonlocal parameters. Figures 3-5 show the variations of the deflection w with the nonlocal parameter m, strain gradient parameter (SGP) z, and structural damping coefficient (SDC) k of viscoelastic FG curved nanobeam, respectively, which indicates that, for all angles a, w is a monotonic increase function of Figures 3 and 5 and decrease function of Figure 4 . Also, we note that for the three parameters m, z, and k, the value of deflection w increases with the decrease in the curved angle 
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for two cases: the curved beam non-embedded (k w = k p = 0) and embedded (k w = k p = 10) in an elastic medium, from which the values of vibration v decrease with the increase in a, and seem to be straight lines (quasi-linear). The effect is illustrated as follows: the SDC k, and nonlocal and length scale parameters m and z, for four different boundary conditions on the variation of the vibration v, are illustrated in Figure 11 . One can note that v is a monotonically decreasing function of k, m, while z is a monotonically increasing function, and the minimum values occur at the boundary condition S-S. Figure 12 shows the influence of the nonlocal and length scale parameters m and z, and SDC k for different values of a on the buckling of the beam. We noted that the value of f decreases with k, m, while increases with z; all curves seem to be quasi-linear.
Conclusion
In this article, the bending, buckling, and vibration responses of viscoelastic FG curved nanobeam resting on elastic foundations with different boundary conditions are investigated based on the nonlocal strain gradient theory and the Kelvin-Voigt model. The following main conclusions are drawn:
The bending and shear components of radial displacement w are the increasing functions of the beam angle a, and the shear component of stress s uz is the symmetric function about the middle surface z = 0, and attained its maximum values on this surface for different a and all boundary conditions. The natural frequency of vibration v increases or decreases with the beam angle a for two cases: when the curved beam is embedded and nonembedded in an elastic media, moreover, the frequency v changed slightly with the different nonlocal parameter m, SGP j, and SDC k, but for different boundary conditions, v shows significant changes with these parameters. The buckling of the beam has significant changes with the beam angle a, for all values of different parameters m, z, and k.
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